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ANALYSIS OF MAGNETIC FIELDS IN A METAL 

by 

D. L Waidelich 

ABSTRACT 

In the nondestructive testing of metals , experimental 
measurements had shown that the attenuation of electromag­
netic waves originating from a nnasked probe and passing 
through a thin sheet of metal was much less than that p re ­
dicted by the use of a mathematical model employing plane 
waves with the pulsed magnetic vector parallel to the sur­
face of the metal . An analysis was made by assuming that 
the pulsed nnagnetic vector was perpendicular to the surface 
of the metal . The resul ts of both analyses indicated that the 
attenuation in the metal was the sanne and was very nearly 
equal to the attenuation observed experimentally. The plane-
wave analysis with the magnetic vector paral lel to the metal 
surface, however, would require a large attenuation at the 
a i r - to -meta l and the meta l - to -a i r boundaries, whereas the 
analysis with the magnetic vector perpendicular to the nnetal 
surface would probably require very little attenuation at these 
surfaces. These findings seem to indicate that the observed 
difference is caused by the reflections occurring at the a i r -
to-metal and the meta l - to -a i r boundaries, and that the anal­
ysis with the magnetic vector perpendicular to the surface 
of the metal will predict very nearly the attenuation observed 
experimentally. 

I. INTRODUCTION 

Masked probes have proven to be a useful addition to pulsed eddy-
current techniques for nondestructive testing.' An analysis of the pulsed 
electromagnetic fields and currents near the probe is needed to aid in the 
design of the probes^ since previous analyses'*'* with plane waves gave very 
low values for the field t ransmit ted through a metal sheet as connpared with 
values measured experimental ly. ' ' A first attennpt ' to provide the neces­
sary analysis assumed a horizontal magnetic field above a plane metal sur­
face with the field appearing as a step function in t ime. Since the driving 
field from a masked probe has, for the most part , a vert ical component, a 
ver t ical magnetic field was used ra ther than a horizontal field. A unit 
impulse in time was used as the driving function so that the resul ts would be 





simpler to interpret than the resul ts for a unit step function. The use of a 
convolution integral will enable the resul ts for any driving function to be 
obtained. A two-dimensional analysis was used for simplicity. 

II. THEORY 

By using the Maxwell equations as given in Appendix A, the following 
expressions result for the magnetic and electric fields in a conductor: 

ft = (o+es) V x # (1) 

and 

E = V(V x ^ ) - fisia + es) ^, (2) 

where the Laplace t ransform TT of vector potential T! is found from the wave 
equation 

V^# - fis{a+ es) ^ = 0, (3) 

and a = conductivity of the conductor, e = permittivity of the conductor, 
fl = permeabili ty of the conductor, and s = complex variable as used in the 
Laplace t ransform. 

AIR 

METAL* M t ! 

A t w o - d i m e n s i o n a l geometry 
w a s u s e d for s i m p l i c i t y , and the m e t a l 

— — , J , A - - - • 1" - - " "— 
1 ^ 1 was a s s u i ^ e d to be s e m i - i n f i n i t e in 

ex ten t , as shown in F ig . 1. The 
following a s s u m p t i o n s w e r e m a d e : 

* (1) The y ax i s ex t ends out 
306-341 Rev. 1 f r o m the p a p e r , and t h e r e is no v a r -

Fig. 1. Assumed Variation of the Magnetic ia t ion wi th y. 
Field at the Surface of the Metal 

(2) The xy p lane is the s u r ­
face of the m e t a l . The v e r t i c a l m a g n e t i c field in the s u r f a c e of the m e t a l i s 
an odd function of x (as shown in F ig . 1) and v a r i e s a s e"( ' '^ ' 'o) , w h e r e Xj i s 
a c o n s t a n t tha t r e p r e s e n t s the d i s t a n c e f r o m the o r i g i n in which the field 
i n t ens i ty d e c r e a s e s to e 

(3) The app l i ed v e r t i c a l m a g n e t i c field v a r i e s as unit i m p u l s e in 
t i m e . 

T h e v e c t o r po t en t i a l t hen could have a componen t T^ in t he y d i r e c t i o n 
only. In add i t ion , if the d i s p l a c e m e n t c u r r e n t in t he m e t a l i s a s s u m e d v e r y 
s m a l l c o m p a r e d with the conduc t ion c u r r e n t , Eq . (3) b e c o m e s 





ax^ ^ dz' • OflSTT (4) 

Differential Eq. (4) was solved and the boundary conditions applied 
as indicated in Appendix B. In the metal , the vert ical magnetic field ob­
tained from the vector potential is 

H , 
Ve V'W^ 

27I»/2t 
-^"W E r f c { W - u ) - e ^ " ^ Erfc(W + 4 (5) 

where 

^-W'-^- v^lvT^ xo V o^ 

Equation (5) represents the vert ical magnetic field anywhere in the 
metal for a unit impulse of vert ical magnetic field at the metallic surface, 
and for an exponential decrease of field in the x direction. 

To obtain the effect of a field that is constant with distance in the 
X direction, the case of Xo approaching infinity was studied. This might, 
for example, represent the variation of the field immediately under a 
masked probe with the distance x magnified considerably so that the field 
appears to remain constant with x, at least until x becomes quite large. 
An additional advantage is that two variables are eliminated from the ex­
press ions , as detailed in Appendix C. Under the conditions that 

Xo > > X a n d • » 1, 

then 

H , 
V e -

T » / ^ 

4V^e •V2 

7T' /^ 0/iZ 
(6) 

In Eq. (6) put 

•n'^^ofiz' V^e-V' = f(V). (7) 

A plot of f(V) versus V is shown in Fig. 2. As t increases , V decreases and, 
from Fig. 2, the vert ical magnetic field s tar ts at zero, increases to a max­
imum, and then decreases to zero again. 





Fig. 2 
Variation of the Vertical Mag­
netic Field in the Metal 
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III. E X P E R I M E N T A L A G R E E M E N T 

To ve r i fy Eq . (6), the c u r v e of m a g n e t i c field i n t ens i t y with no m e t a l 
p r e s e n t w a s u s e d as the d r i v i n g field. Th i s c u r v e was divided into s ix p a r t s , 
e ach 0.5 fis long, and each p a r t w a s r e g a r d e d as a s e p a r a t e m a g n e t i c i m ­
p u l s e . We a s s u m e d tha t each i m p u l s e was appl ied to a 5 / 6 4 - i n . p la te of 
Type 304 s t a i n l e s s s t e e l wi th the conduc t iv i ty of 0 = 1.39 x l o ' m h o / m and 
the r e l a t i v e p e r m e a b i l i t y of 1.02. A convolu t ion i n t e g r a l was eva lua t ed 
n u m e r i c a l l y by u s ing the above i m ­
p u l s e s a long wi th F i g . 2, and the r e s u l t 
is shown a s t he c a l c u l a t e d c u r v e in 
F i g . 3. The m e a s u r e d c u r v e of F i g . 3 
( f rom F i g . 5 of Ref. 11) i s t he m a g ­
ne t i c i n t e n s i t y a f te r t he field p a s s e d 
t h r o u g h the s t a i n l e s s s t e e l p l a t e . The 
m a g n i t u d e s of the m e a s u r e d and c a l ­
cu la ted p e a k s of F i g . 3 a r e n e a r l y the 
s a m e , but the c a l c u l a t e d peak o c c u r s 
l a t e r and d e c r e a s e s in m a g n i t u d e 
nnuch m o r e s lowly than the m e a s u r e d 
peak . The app l ied p u l s e p r o b a b l y had 
a n e g a t i v e t a i l , which w a s not shown 
s ince conduc t ion in t he t h y r a t r o n u s e d 
to ob ta in the p u l s e would con t inue unt i l 
the t h y r a t r o n w a s c o m p l e t e l y de ion-
ized . The effect of t he nega t i ve t a i l 

would m o v e the c a l c u l a t e d peak to the left and m a k e the c a l c u l a t e d c u r v e 
d r o p m u c h f a s t e r than tha t shown a f t e r the peak had been p a s s e d ; the peak 
a l s o would be r e d u c e d s l igh t ly . 

2 3 
I M MICROSeCONOS 

Fig. 3. Calculated and Measured Curves of the 
Vertical Magnetic Field after Passing 
through a Stainless Steel Sheet 

Note a l s o tha t t h i s a n a l y s i s i s for two d i m e n s i o n s , w h e r e a s the 
n n e a s u r e m e n t s w e r e m a d e in a t h r e e - d i m e n s i o n a l s e tup . The effects of the 
a i r - t o - m e t a l and m e t a l - t o - a i r s u r f a c e s w e r e d i s r e g a r d e d . Ano the r i m p o r ­
t a n t a s s u m p t i o n is tha t , f r o m Eq. (6), the f ield in the m e t a l r e s e m b l e s the 
f ield f r o m a s o l e n o i d a l - t y p e p r o b e p l aced in the a i r i n u n e d i a t e l y above the 
m e t a l . 





IV. PLANE-WAVE ANALYSIS 

An analysis of a plane wave with fields paral lel to the metal surface 
and propagating in the z direction was expected to give far different resul ts 
than those obtained in Fig. 3. The analysis is presented in Appendix D; the 
result from Eq. (D-6) is 

l l ^ ^ n ^ = V'e-V^ = f(V). (8) 

which is exactly Eq. (7) except that Hz has been replaced by Hx- Then, if the 
magnetic plane-wave pulse in the metal is of the form of Fig. 5 of Ref. 11, 
the resulting calculated horizontal magnetic field must be that of Fig. 3. 
Hence, either type of field would appear to give the sanne response in going 
through a stainless steel plate, except for the direction of the field. A r e ­
ceiving coil was placed so that it would receive a vertical field much better 
than a horizontal field. Since experiments seem to indicate a much larger 
response for a vert ical field compared with the calculated horizontal plane-
wave type of response, the difference is probably in the a i r - to -meta l and 
meta l - to-a i r boundaries. 

V. CONCLUSIONS 

The vert ical and horizontal plane-wave calculations appear to give 
the same result for t ransmiss ion through a metal plate, and this result ap­
pears to agree fairly well with measured values. If the boundary conditions 
are considered, the result for the plane wave wo»ld be much lower. Thus, 
further studies should be made of the a i r - to -meta l and metal - to-a i r bound­
ary conditions when a vert ical wave is impressed. 

Other problems that should be investigated are a space-impulse 
configuration of applied field and three-dimensional studies rather than the 
two-dimensional work in this report . The space-innpulse configuration 
would probably approach that of an aperture in a mask fairly closely. 





APPENDIX A 

Vector Potential 

In a conductor, the Laplace transform of the Maxwell equations for 
the magnetic field intensity H and electric field intensity E are 

V X E = -/isH, (A-1) 

where fi is the permeability of the conductor, and s is the complex variable 
for the Laplace transform; further 

V X H = (o + es) t , (A-2) 

where o is the conductivity, and e is the permittivity of the conductor. 
Let 

H = (o+ es) V X #, (A-3) 

where 7T is the vector potential. 

Substitute Eq. (A-3) in Eq. (A-1) to get 

V X [ E + fis{a+ es) #J = 0, (A-4) 

E = - j:is(o + e s ) TT - V $ , 

» 
where 0 is the transform of a scalar function <I>. Now, by substituting 
Eq. (A-3) in Eq. (A-2), 

E = V x V x ^ = V^V-7fy- V'TT. (A-5) 

Use the gauge 

V • TT = - * (A-6) 

and substitute Eq. (A-6) into Eqs. (A-4) and (A-5) to obta'in 

V̂TT - fjs(o + es) fi = 0. (A-7) 

From Eqs. (A-5) and (A-7), 

E = V ( V - 7 T ) - fis(a+es) TT. (A-8) 

A, 

If differential Eq. (A-7) is solved for TT, the magnetic and electric 
field intensities may be determined from Eqs. (A-3) and (A-8). 
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APPENDIX B 

Derivation of Fields 

Assuming that the vector potential has only a y component 7T and that 
the displacement current in the metal may be neglected, then 

The solution of Eq. (B- 1) is 

/

OO 

A(a)e-"''2(cos ax) da, (B-2) 

where a is the eigenvalue, A(a) is a function to be determined from the 
boundary conditions, and 

7 = Vofis + a'. (B-3) 

From H = aV x 71, 

Hx = -OT^ ' ° J 7A(a)e-'^2(cos ax) da, (B-4) 

and 

Hz = a T— = -0 / aA(a)e-7z(s inax) da. (B-5) 
o x '̂Q 

F r o m E = V V V - T F J - ofis^, 

/

OO 

A(a)e-7z(cos ax) da. (B-6) 

The other field components Hy, E^, and E^ are all zero. 

At the surface of the metal 

/ .OO 

Hz I = e"'"/' ' ' '^ = -0 / aA(a)(sinax) da. (B-7) 
lz=o "'o 
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When t he i n v e r s e F o u r i e r t r a n s f o r m of Eq . (B-7) i s u s e d 

2 
A(a) 

7ro(a^ + —TI 
(B-8) 

F r o m E q s . (B-2) and ( B - 8 ) , 

z vo / i s + a^ 2 f (cos ax ) da . 

F r o m Eq. (14), p. 246 of Ref. 9 and by u s e of the shift ing t h e o r e m , 

L - . f e - ^ A : ^ ^ V ) - zy^e - ( 'X^ t / 0M)e - (0M^^Mt ) 

When Eq. (B- 10) is p l aced in the i n v e r s e L a p l a c e t r a n s f o r m of Eq. 

w h e r e TTy = L-'(7f). 

F r o m Eq. (15), p. 15 of Ref. 10, • 

^ _ XQZ V V O ^-(auzz/4t)c(t/auxg) 

. - ( - / " o ' E r f c f ± , A - T . / ^ V e' '^'""' E r f c f ^ . y L + ^ 
\xo Vo/J 2 V t y Vo ^iJ/^ -̂  

(B-9) 

(B-10) 

(B-9). 

(B-11) 

Let 

'zr.. y = z. /zr.. w = —- /-—• 
2 V t • 2 V t ' xo V o|a' 

{B-12) 

(B-13) 
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then Eq. (B-12) becomes 

. yZ W^ r "1 
TT,. = - - ^ J. ,„ e"^"^ Erfc(W-u) + eZ^W Erfc(W + u ) . 

^ayouV'^'W L J 

Ve ' 
y " 27r>/^ayoMt' 

(B-14) 

From Eqs. (B-4), (B-5), (B-6), and (B- 14). 

Ve-V^W^ 
— e-2"W Erfc(W-u) - e^uW Erfc(W + u) , (B-15) 

^ (^- ^V ) e f L-2UW Erfc(W - u) + e^uW Erfc(W + u) , 
^ 47T'/2tW L J 

(B-16) 

and 

^ y 
^ A V e - V e W ( v ^ . W ^ - 3 / 2 ) r . , , ^ Erfc(W - u) + e - W Erfc(W + u)l. 

(B-17) 

The current density iy is 

iy = oEy. (B-18) 

The quantities u, V, and W are dimensionless, and since the applied 
field is a unit impulse or 1 A- sec /m , the dimension of the magnetic field 
intensity should be the unit impulse divided by t ime. This can be verified 
by noting the units of H^ in Eq. (B- 15) and those of H^ in Eq. (B- 16). 
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APPENDIX C 

The Constant-field Case 

As XQ approaches infinity (W-»0) the applied vertical magnetic field 
approaches a constant with distance, except for the reversa l of the field 
direction for negative values of x as compared with positive values of x. 
The potential TTy also approaches infinity in magnitude, but the vertical 
magnetic field from Eq. (B-15) approaches 

V - V^ 
H, = —^ Erfu. (C-1) 

TT t 

The other field components also approach infinity. 

If Xo is taken as very large but finite, Eq. (C- 1) may be used as a good 
approximation to the vert ical field in the metal. More exactly, to use 
Eq. (C-1), 2uW « 1, W << u or_(x/x„) « 1, and (xxo/2)(oj:i/t) » 1. In ad­
dition, if u » 1 [i .e. , (x/2) .Jafi/\. >> 1], then Eq. (C-1) may be replaced by 

H . = ^ . (C-2) 
7r t 

To use Eq. (C-2), the above three inequalities may then be replaced by the 
two inequalities Xo » x and (x/2) .^afi/t. >> 1. 





A P P E N D I X D 

P l a n e - w a v e A n a l y s i s 

T h e a s s u m e d c o n f i g u r a t i o n w a s a g a i n t h a t of F i g . 1 e x c e p t t h a t n o w 
b o t h t h e e l e c t r i c a n d m a g n e t i c f i e l d s w e r e p a r a l l e l t o t h e s u r f a c e of t h e 
m e t a l . S i n c e t h e o n l y v a r i a t i o n p r e s e n t w o u l d b e i n t h e z d i r e c t i o n , E q . (3) 
b e c o m e s 

dz2 
O/ISTT, 

w h e r e TT i s t h e v e c t o r p o t e n t i a l in t h e y d i r e c t i o n . T h e n 

TT = A e - z - / ^ , 

w h e r e A i s a c o n s t a n t . F r o m E q . ( 1 ) , 

dTT 
H = - a-r— = 0.yOfis A e " 

X d z '^ 
/OflS 

(D-1) 

(D-2) 

(D-3) 

A s s u m e tha t H^ at the s u r f a c e of the m e t a l is a uni t i m p u l s e , and that 

^ (D-4) H „ 
z=o 

1 = a^/aJIs A or A = 
oyo / j s 

Subs t i t u t e Eq. (D-4) in Eq . (D-2) and t ake the i n v e r s e L a p l a c e t r a n s ­

f o r m to get • 

-{Ofizi/4t) 

Then , 

a ./o flirt 

h-n. 
H . 

4V3e-V^ TT'/'OUZZ 
or j i ^ 

TT^/^O/izZ 

H . V ^ e - ^ ' = f(V). 

(D-5) 

(D-6) 
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